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THEORY OF NONLINEAR WAVES IN A PLASMA 
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Stat ionary nonl inear  waves propaga t ing  in a cold raref ied p l a sma  c o m -  

posed of e lect rons  and two types of ions are considered.  The structure 

of isolated waves and shock waves is found. In recent years an inten- 
sive study has been made of finite-amplitude waves and collisionless 
shock waves in a rarefied plasma, in connection with laboratory ex- 
periments [1] and astrophysical appticati0ns (the problem of the in- 
teraction of the "solar wind" with the Earth's magnetosphere [2]).When 
allowance is made for dispersion effects associated with the departure 
of the dispersion law ~ = ~(k) from the linear, and for the compensat- 
ing nonlinear twisting of the wave profile, we are able to obtain the 
profile of stationary nonlinear waves of finite amplitude, and when 
allowance is made for damping we can also obtain the structure of a 
eollisionless shock wave [3]. Such waves have been studied fairly fully 
for the case of a two-component plasma. The present paper examines 
stationary nonlinear waves propagating across a magnetic field in a 
cold rarefied quasi-neUtral plasma composed of electrons and two 
types of ions, 

T h e  n a t u r e  of  t he  d i s p e r s i o n  law co = co (k) f o r  s m a l l -  
a m p l i t u d e  w a v e s  in the  t h r e e - c o m p o n e n t  p l a s m a  u n d e r  
c o n s i d e r a t i o n  is  i l l u s t r a t e d  in F ig .  1 ( see  a l s o  [4]); 
h e r e  and in wha t  f o l l o w s  
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no 

The  index  1 c o r r e s p o n d s  to the  h e a v i e r  t ype  of  ion ,  
nj0 is  the  u n p e r t u r b e d  d e n s i t y  of  t he  j - t h  ion type ,  n o 
i s  the  u n p e r t u r b e d  e l e c t r o n  d e n s i t y .  At  low f r e q u e n -  
c i e s  the  p h a s e  v e l o c i t y  os s m a l l  o s c i l l a t i o n s  is  

r H~ ~ VA 

and d e c r e a s e s  a s  w a p p r o a c h e s  

eHo (rnl ~l  + rn2az ~ % o)(ee) 

For comparatively s m a l l  nonlinear wave velocities 
the lower branch of the dispersion curve is basically 
the "operative" one, and the characteristic dimen- 

sions of the compression waves which may exist for 

such a dispersion law are equal in order of magnitude 

to  5 ,~ VA/co(~) ,  wh ich  g i v e s  

in t he  i n t e r e s t i n g  c a s e  of a s m a l l  a d m i x t u r e  of  a l igh t  
c o m p o n e n t  o r  a l a r g e  d i f f e r e n c e  in ion m a s s e s  mla l>>  

>> m2(~ 2. 
As t h e  w a v e  v e l o c i t y  i n c r e a s e s ,  t he  u p p e r  b r a n c h  

b e g i n s  to p l a y  a p a r t ,  and the  n o n l i n e a r  w a v e  p r o f i l e  

c h a n g e s ,  a s  w i l l  be  c l e a r  f r o m  what  f o l l ows .  F o r  

f r e q u e n c i e s  co >> w(~) the  u p p e r  b r a n c h  of  the  d i s -  
p e r s i o n  c u r v e  has  the  a s y m p t o t e  

In  t he  r e g i o n  of  f r e q u e n c i e s  l a r g e  c o m p a r e d  wi th  
wl ,  c~ the  d e p a r t u r e  of t h i s  b r a n c h  f r o m  l i n e a r  b e -  

h a v i o r  b e c o m e s  qu i t e  c l e a r  fo r  the  h y b r i d  f r e q u e n c y  

eHo 

but  t h i s  r e g i o n  has  b e e n  t h o r o u g h l y  s t u d i e d  ( d i s p e r -  
s i o n  e f f e c t s  a s s o c i a t e d  wi th  e l e c t r o n  i ne r t i a )  and  is  
no t  c o n s i d e r e d  h e r e .  
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We now p a s s  to t he  s tudy  of  n o n l i n e a r  s t a t i o n a r y  
w a v e s .  In a c o o r d i n a t e  s y s t e m  m o v i n g  wi th  the  w a v e  
v e l o c i t y  U the  a p p r o p r i a t e  e q u a t i o n s  m a y  be  w r i t t e n  
in  the  f o r m  

m/vix - ~ -  ~ eEx § ~ vs~H, mjvjx - ~  (UHo v j x H ) ~  

2 

H e r e  the  index  d = 1, 2 d e t e r m i n e s  t he  type  of  ion ,  
t he  x a x i s  i s  in t he  d i r e c t i o n  of  m o t i o n  of  t h e  p l a s m a  
a h e a d  of  the  w a v e ,  the  z a x i s  c o i n c i d e s  wi th  the  d i r e c -  
t i o n  of  t h e  m a g n e t i c  f i e l d ,  H 0 i s  t he  u n p e r t u r b e d  m a g -  

n e t i c  f i e ld .  
T h e  e l e c t r o n  v e l o c i t y  i s  d e t e r m i n e d  f r o m  t h e  d r i f t  

a p p r o x i m a t i o n ,  s i n c e  we  a r e  i n t e r e s t e d  in t he  r e g i o n  
of  f r e q u e n c i e s ,  w << r h. By  m e a n s  of  f a i r l y  s i m p l e  

t r a n s f o r m a t i o n s  we  ob t a in  the  equa t i on  

d ~ rn 1 dv  \ dh] ~ .  , (2) 
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w h e r e  

= 

\ 

l A:"v e ( i  "{- " ml dp\ "~ (dh~ e' 
(vh - -  axM) e b21Ct i + mBm'e V ~ )  ~ ]  = 

. n ~  t m~ (v ~ - -  M ' )  - -  

2ra~aeeM ~ [ l i n  h --  h~ 
. ~  + .~:,. (he - h,) ( ~ - -  h )  ~ + ' 

1 ]h - -  he 
-}- (h~ --  h~) (h;--  h~) In ] ~ --}- 

h - h .  
-~  (h: - -  ha) (h~ - -  ha) 
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s y m m e t r i c a l  h u m p .  In t h e  c a s e  of  s m a l l  a m p l i t u d e s  
h - 1 << 1 we  m a y  o b t a i n  a n  a n a l y t i c a l  e x p r e s s i o n  f o r  

t h e  m a g n e t i c  f i e l d  in  a n  i s o l a t e d  w a v e  

h =  i -k  bmaxsech~ ( ~  x )  , bmax : hmax - -  I . 

For large wave velocites when the relation M : M(hmax) is non- 
linear, the form of an isolated wave changes radically, since the 
upper branch of the dispersion curve begins to play a part. A typical 
isolated wave profile in a three-component plasma at large velocities, 
obtain by numerical solution Of the system of equations (1), is re- 
presented in Fig. 3. As the concentration of the light component 
decreases, the linear dimension of the isolated wave also decreases, 
which is in agreement with estimates from the linear theory given 
above; in addition to this, the size of the "hollow" in the center of 
the wave deerases. We note that the solution referred to exists only 
for wave velocities less than a certain critical value, which depends 
on the relative concentrations of the light and heavy components. The 
singular point of system of equations (1) corresponding to the unper- 
turbed state of the plasma in front of the wave is a saddle point (the 
integral curve starts out from this point), if the condition 

mi me ~ T/~ (o,+ o,I  

If  t h e  c o n d i t i o n  m l ~  i >> m 2 a  2 i s  f u l f i l l e d ,  t h e n  t h e  
v e l o c i t y  of  t h e  h e a v y  c o m p o n e n t  (3) a s s u m e s  t h e  s i m -  
p l e  f o r m  

v = M ( l +  ~1 

a n d  e q u a t i o n  (2) m a y  b e  i n t e g r a t e d  o n c e  

cem:n.2~e U H 
A2 : 4an0 (m1~1 + m.,~2) : ' M = V-AA' h = H"~' 

x h ( t +  2M.~ / ' -~  ((m,~** - -  m~r ~ - -  

l - -  he~ 
m2~, ~) h ( i  -~ ~ 1  -}- 

i " I - - h % ~ \ % ]  (4) 

H e r e  h i ,  h~, h 3 a r e  t h e  r o o t s  of  t he  e q u a t i o n  h 3 - 
- (2M z + 1 ) h  + 2 M 2 a l  = 0. C h o i c e  of  t he  c o n s t a n t  o f  

i n t e g r a t i o n  c o r r e s p o n d s  to  a n  i s o l a t e d  w a v e .  E q u a t i o n  

(4) a l l o w s  u s  to  e s t a b l i s h  a c o n n e c t i o n  b e t w e e n  t h e  

v e l o c i t y  of  a n  i s o l a t e d  w a v e  a n d  t h e  m a x i m u m  m a g n e -  

t i c  f i e l d  s t r e n g t h  in  t h e  w a v e .  T h i s  f u n c t i o n  i s  g i v e n  

in  Fig .  2 f o r  d i f f e r e n t  v a l u e s  of  t h e  r e l a t i v e  c o n c e n -  

t r a t i o n s  of  d i f f e r e n t  t y p e s  of  i o n s .  F o r  s m a l l  a m p l i -  

t u d e s  of  t h e  m a g n e t i c  f i e l d  t h e  v e l o c i t y  o f  a n  i s o l a t e d  
w a v e  i s  e q u a l  to  

M ---- ~/9 ( t  ~- hmax) �9 ( 5 )  

A s  h m a  x i n c r e a s e s ,  t h e  w a v e  v e l o c i t y  i n c r e a s e s  

m o r e  r a p i d l y  t h a n  i s  g i v e n  by  f o r m u l a  (5), T h i s  d e -  
p a r t u r e  f r o m  l i n e a r i t y  s e t s  in  a l l  t h e  m o r e  r a p i d l y  

a s  t h e  r e l a t i v e  c o n c e n t r a t i o n  o f  t h e  l i g h t  c o m p o n e n t  

d e c r e a s e s .  

In t he  r e g i o n  w h e r e  t h e  v e l o c i t y  M d e p e n d s  l i n e a r l y  

on  t h e  a m p l i t u d e  of  t he  m a g n e t i c  f i e l d  h m a x  t h e  p r o -  

f i l e  of  a n  i s o l a t e d  w a v e  t a k e s  t h e  f a m i l i a r  f o r m  of  a 

is fulfilled. 
The lower limit of the wave velocity is, of course, equal to the 

velocity of sound, and the upper limit is equal to the phase velocity 
of small oscillations for frequencies which are large compared with 
wl, wz. As the Wave velocity approaches this upper limit, the light 
component is "swept out" of the wave, and dispersion effects com- 
pensating the nonlinear twisting appear at higher frequencies 

eHo 

and depend upon the electron inertia. The critical value of the wave 
velocity, and consequently the maximal magnetic field in the wave, 
decreases as the relative concentration of the light compouent de- 
creases. Thus for small concentrations of the lighter type of ion the 
amplitudes of isolated waves in the frequency range 

eHo 

will be small. 

L 

Fig .  3 

We s h a l l  e s t i m a t e  t h e  e n e r g y  of  i o n s  in  t h e  w a v e .  

T h e  e n e r g y  o f  h e a v y  i o n s  in  t he  d i r e c t i o n  o f  w a v e  m o -  

t i o n  ( " l o n g i t u d i n a l "  e n e r g y )  i s  e q u a l  in  o r d e r  o f  m a g -  

n i t u d e  to  

~x(1) ~ mln lv lx  2 N mIl~l \ m l ~  / . 
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The " t r a n s v e r s e "  e n e r g y  of l ight  ions  is  equal  in 
o r d e r  of magn i tude  to 

~v(2)~m~n~v~,j2~m~n~(-~5) ~. 

Taking  into account  the  fac t  tha t  

Fig. 4 

we obta in  ~yc~)/$~o)~ t ,  and the e n e r g i e s  fo r  a s ing le  
f r e q u e n c y  a r e  e s t i m a t e d  as  fo l lows:  

Su (~) / Sx 0) ~ nl / n~ 

Whence i t  fo l lows tha t  when the i s o l a t e d  wave con-  
s i d e r e d  above p r o p a g a t e s  in  a t h r e e - c o m p o n e n t  p l a s m a  
an a c c e l e r a t i n g  m e c h a n i s m  o c c u r s  which a c c e l e r a t e s  
the  l igh t  ions  in a d i r e c t i o n  p e r p e n d i c u l a r  to the d i r e c -  
t ion  of wave  mot ion .  

I f  the  f r i c t i o n  be tween  the p l a s m a  componen t s  is  
i n t r oduced  into the  in i t i a l  equa t ions ,  we obta in  a shock 
wave with an o s c i l l a t o r y  s t r u c t u r e  having a s t eep  l e a d -  
ing edge.  The p r o f i l e  of such a wave is  dep i c t ed  q u a l -  
i t a t i ve ly  in Fig .  4. 
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